A model with two periods of inflation by Schettler, Simon & Schaffner-Bielich, Jurgen
ar
X
iv
:1
51
0.
00
55
7v
4 
 [a
str
o-
ph
.C
O]
  1
0 N
ov
 20
15
A model with two periods of inflation
Simon Schettler1 and Ju¨rgen Schaffner-Bielich2
1Institut fu¨r Theoretische Physik, Universita¨t Heidelberg
Philosphenweg 16, D-69120 Heidelberg, Germany
2Institut fu¨r Theoretische Physik, Goethe-Universita¨t,
Max-von-Laue-Straße 1, D-60438 Frankfurt, Germany
(Dated: 12th October 2018)
A scenario with two subsequent periods of inflationary expansion in the very early universe is
examined. The model is based on a potential motivated by symmetries being found in field theory at
high energy. For various parameter sets of the potential the spectra of scalar and tensor perturbations
that are expected to originate from this scenario are calculated. Also the beginning of the reheating
epoch connecting the second inflation with thermal equilibrium is studied. Perturbations with
wavelengths leaving the horizon around the transition between the two inflations are special: It
is demonstrated that the power spectrum at such scales deviates significantly from expectations
based on measurements of the cosmic microwave background (CMB). This supports the conclusion
that parameters for which this part of the spectrum leaves observable traces in the CMB must be
excluded. Parameters entailing a very efficient second inflation correspond to standard small-field
inflation and can meet observational constraints. Particular attention is paid to the case where the
second inflation leads solely to a shift of the observable spectrum from the first inflation. A viable
scenario requires this shift to be small.
I. INTRODUCTION
Cosmological inflation is a time period with accelerated
growth of the scale parameter a(t). If it is included into
the cosmic history before the hot Big Bang evolution, the
inflationary scenario poses a significant alleviation to sev-
eral problems: For example observational results like the
small spatial curvature at large scales and the isotropy
of the CMB are a natural outcome of early universe in-
flation [1]. A further reason to consider inflation is that
it provides a mechanism for the production of primordial
inhomogeneities out of which the structures of the later
universe can form [2].
A large class of solutions with accelerated scale para-
meter relies on slowly evolving scalar fields. This class
is called slow-roll inflation. By definition, the time de-
rivatives of the field values meet certain slow-roll condi-
tions. They can also be formulated as flatness conditions
of the potential. A great variety of potentials of scalar
fields fulfill these requirements and can lead to inflation.
Many potentials have been suggested as the origin of in-
flation [1, 3–6], and measurements have been compared
to the corresponding predictions [7, 8]. In the following,
observational consequences of two subsequent periods of
inflation are considered. A similar scenario has also been
discussed in Refs. [9, 10] and early discussions of double
inflation can be found in Refs. [11, 12]. References [13, 14]
contain discussions of double inflation in the context of
supergravity. The production of black holes and cosmic
strings in similar scenarios is studied in Refs. [15–18].
Two inflations can occur for potentials being flat in two
regions of field space. The potential used for our cal-
culations is discussed in the next section. Section III is
concerned with the evolution of a homogeneous scalar
field within this potential. Section IV describes the fluc-
tuations resulting from the two inflations. The decay of
the inflaton field after inflation is the subject of Section
V which is followed by some conclusions in Section VI.
II. THE POTENTIAL AND ITS
SIMPLIFICATION
The inflationary potential used in our calculations ori-
ginally stems from effective theories of the strong inter-
action. The goal of these theories is to describe strongly
interacting matter on a basis simpler than the theory
of quantum chromodynamics (QCD). The properties of
QCD, especially its symmetries, are used as a guideline to
construct the Lagrangian of the effective theory in ques-
tion. A prominent example is the linear sigma model [19]
which incorporates chiral symmetry in terms of effective
pion and sigma fields ~π and σ. There are various exten-
sions of this model which are constructed as to reflect
further characteristics of QCD. One example is the in-
clusion of a dilaton field χ which controls the behavior
of the terms of the Lagrangian under dilatations [20–23].
In a simple form, the potential of the theory then reads
V =
λ
4
(
~π2 + σ2
)2 − v20 (~π2 + σ2)(χv
)2
− fpim2piσ
(χ
v
)2
+ k
(χ
v
)4
+
1
4
χ4 ln
(
χ4
v4
)
,
(1)
where certain constants λ, v0, and v have been defined.
The second term leads to spontaneous breaking of chiral
symmetry. Explicit symmetry breaking is introduced by
the third term leading to massive pions. It is proportional
to the pion decay constant fpi and the squared pion mass
m2pi. The last two terms are the dilaton potential with
minimum at χ = v. The factors of χ in the first three
terms yield the expected transformation behavior under
2scale transformations or dilatations, xµ → axµ, a 6= 0,
see Ref. [24].
The potential Eq. (1) is motivated for use in high en-
ergy physics by its high degree of symmetry and its con-
struction after the example of QCD. For our application
to inflation the potential has been simplified: The third,
symmetry breaking term has been omitted and the chiral
fields ~π and σ have been reduced to one, φ. So the cal-
culations have been done on the chiral circle. Renaming
of the constants then leaves
V = V0+
1
4
λ0χ
4
(
ln
∣∣∣χ
v
∣∣∣− 1
4
)
+
1
4
λ1φ
4− 1
4
λ2χ
2φ2, (2)
where the offset
V0 =
1
16
λ0v
4 exp
(
λ22/λ0λ1
)
(3)
keeps the potential positive. The potential Eq. (2) is dis-
played in Fig. 1 along with a possible path (χ(t), φ(t))
during and after inflation. The color code reflects the
value of the potential V (χ, φ) in units of V0. The con-
stants are chosen as λ0 = λ1 = λ2 = 10
−14 and v =
mPl/10 and the calculation of the path is done without
consideration of field inhomogeneities. The starting point
of the fields is at large φ and small positive χ with zero
initial field velocities. Then φ(t) starts to evolve down
the quartic potential while the value of χ is still close
to zero, i.e. much smaller than the symmetry breaking
scale v. During this period of time the evolution can
be described as large field inflation with an offset V0 in
the potential. After one and a half oscillations the field
φ stays close to zero due to Hubble damping. Now the
main evolution in field space is a slow roll along the χ
direction. Accordingly, this period of time can be char-
acterized as a small-field hilltop inflation. Between these
two inflationary stages the universe undergoes a short
phase of decelerated expansion.
This model is related to the standard potential for hy-
brid inflation introduced in Ref. [5]. One difference is
that in the potential Eq. (2) there is no channel the field
χ could be confined to during the first inflationary period.
In order not to terminate inflation too early, the initial
values of χ and χ˙ therefore have to be very close to zero,
as mentioned above. Then the field χ does not act as a
waterfall field that rapidly rolls down to the minimum of
the potential after a critical value of φ has been passed.
Instead, it could lead to a second period of inflation.
This second inflation is due to the symmetry breaking
logarithmic term in the potential. If λ2 6= 0, the last term
in Eq. (2) also contributes. It comes from spontaneous
chiral symmetry breaking in the linear sigma model. Be-
cause it can considerably enlarge the offset V0, Eq. (3),
the inflationary range in field space is extended to χ ≈ v
for large enough λ2. The scenario ends with oscillations
of the scalar fields around one of the minima in Fig. 1.
The particle production that accompanies the oscillations
reheats the universe and the standard hot Big Bang his-
tory sets in.
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Figure 1. Possible way of the fields φ and χ through the po-
tential Eq. (2). In this case the energy scale and the couplings
are chosen as v = 0.1mPl, λ0 = λ1 = λ2 = 10
−12. The white
dot marks the end of accelerated expansion. The color of the
background encodes the value of the potential, V (φ, χ)/V0.
In the rest of this section a simplification of the poten-
tial Eq. (2) will be discussed. To justify this simplifica-
tion it first needs to be stated that fluctuations at a given
length scale are generated when the growing wavelength
is of the same order as the Hubble length 1/H ≡ (a˙/a)−1.
This is also called the time of horizon crossing or horizon
exit of the mode.
The potential discussed above includes two scalar fields
both acting as inflaton fields which by definition drive
the inflation. This means that the resulting fluctuations
should in general be calculated within the framework of
multifield inflation [25–27]. Then one has to care for adia-
batic modes which correspond to fluctuations along the
inflaton field and for entropy modes characterizing fluctu-
ations between the energy contributions of different fields
without changing the total energy density ρ. Also after
horizon exit, entropy modes can source adiabatic fluctu-
ations with equal wavelengths. As discussed in Ref. [25]
however, entropy fluctuations are only produced when
the background fields follow a curved trajectory in field
space. Thus, only during the time when the main field
evolution changes its direction from ±φ to χ, the devel-
opment of entropy fluctuations is expected. But since
at this stage the field φ is not evolving slowly anymore
and no accelerated expansion takes place, there will be
no production of non-adiabatic fluctuations even in this
moment. So within this scenario no complication due to
multifield dynamics will occur. Therefore, the calcula-
tions can be done within the simplified setting of single
field inflation.
The two inflationary epochs are both ascribed to the
same scalar field φ evolving within an adapted potential.
More precisely the computation of fluctuations is done
using the two alternative potentials
V4(φ) =
{
V0 +
1
4λ1φ
4 φ < 0
V0 +
1
4λ0φ
4
(
ln
∣∣χ
v
∣∣ − 14) φ ≥ 0 (4)
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Figure 2. The two potentials Eqs. (4) and (5) that are used
in the calculations of fluctuations produced during inflation.
and
V2(φ) =
{
V0 +
1
2m
2φ2 φ < 0
V0 +
1
4λ0φ
4
(
ln
∣∣χ
v
∣∣− 14) φ ≥ 0, (5)
see Fig. 2. In both cases V0 is given by Eq. (3).
III. THE HOMOGENEOUS MODE
Within the simplified scenario described in the last sec-
tion, the field starts at a super–Planckian negative value
and moves slowly down to the flat region around φ = 0.
In spite of vanishing potential gradient, for small field
values slow roll ends for a short time within many para-
meter sets. The evolution at φ > 0 uses the same hilltop
potential for both variants V2 and V4. The solution φ(t) is
sketched in Fig. 3 for three different sets of couplings and
the same symmetry breaking scale v = 1mPl in each case.
For most of the evolution of the homogeneous mode down
to φ = 0, the contribution of the offset V0 is negligible.
For the parameter set λ0 = 5 · 10−14, m2 = 5 · 10−14m2Pl,
the evolution of φ(t) is stopped at φ = 0. This happens
when the inflaton is slowly rolling until it reaches this
value. Due to the negligible kinetic energy, φ is stopped
by the Hubble drag and does not overcome the region
with V ′ ≈ 0. Corresponding phenomena are found in
the field motion within the potential Eq. (4), and are not
displayed. This is also the case with the content of the
following figures. Fig. 4 shows the absolute value of the
acceleration parameter a¨/a for the previous cases as a
function of time. Knowing that the evolution starts with
a period of inflation, time intervals of decelerated expan-
sion can be identified from this plot. They correspond
to the steep dips in a¨/a, where two sign changes of the
acceleration parameter occur. There is no interruption
of accelerated expansion in the second case. This is the
reason for the field to be trapped at φ ≈ 0 entailing a
sustained accelerated expansion.
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Figure 3. The scalar field φ rolling down the potential Eq. (5)
for three different parameter sets with v = 1mPl in each case.
Too large λ0/m
2 retains the field for a very long time at values
around φ = 0 (green curve).
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Figure 4. Absolute value of the acceleration of the scale para-
meter a(t) for the same three parameter sets as in Fig. 3.
During the steep dips in the cases one and three, a¨ changes
its sign twice. During these short intervals, inflation stops and
the expansion of the universe is decelerated. The green line
shows no dip, which corresponds to a single, uninterrupted
inflation.
IV. SCALAR AND TENSOR PERTURBATIONS
The spectra produced in this scenario are plotted
against Ne in Figs. 5 and 6. Here Ne is the number
of e-foldings between horizon exit of the mode k = 2π/λ
and the end of inflation. It is defined in terms of the
corresponding scale parameters as
Ne = ln
aend
a(k)
(6)
and can be thought of as a function of the wavenumber k.
It can be also expressed as a function of the field value,
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Figure 5. Resulting scalar power spectra PR(k) in the same
three cases as in Figs. 3 and 4. As can be seen from the cases
one and three, shifting the potential by a constant factor leads
to the same shift in the spectrum.
which has been done using the slow-roll approximations
φ˙2
2V (φ)
≪ 1 and
∣∣∣∣∣ φ¨3Hφ˙
∣∣∣∣∣≪ 1 (7)
with the result
Ne(φ) = ln
aend
a(φ)
=
8π
m2Pl
∫ φ
φend
V
V ′
dφ, (8)
where, as before, the label “end” refers to the end of in-
flation. For the parameter sets one and three the corres-
ponding potentials are proportional to each other, which
is the reason why the function Ne(φ) is identical in both
cases as long as the slow-roll assumption is valid, see
Eq. (8). So the transition from the first to the second
period of inflation takes place at the same value of Ne,
which is obtained to be Ne ≈ 50. Even for larger Ne this
proportionality holds, which suggests that the short time
interval of slow-roll breaking is not important here. Then
it follows from the formula for the scalar power spectrum
in slow-roll approximation,
PR(k) =
(
H2
2πφ˙c
)2
tk
=
128π
3
V 3
m6PlV
′2
, (9)
that also the two scalar power spectra should be propor-
tional to each other. The same equation explains the
diverging behavior of the scalar power spectrum in the
second case of Fig. 5, where φ˙ vanishes at the transition
to the second inflation. The curve referring to the second
case is given an arbitrary offset in Ne(k)-direction. Be-
cause there is no end of inflation, it cannot be uniquely
fixed.
Figure 6 shows the corresponding tensor power spectra
which in the slow-roll approximation are given by
PT = 128
3
V
m4Pl
. (10)
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Figure 6. Tensor power spectra PT (k) in the same three cases
as in Figs. 3 to 5. As can be seen from the cases one and three,
shifting the potential by a constant factor leads to the same
shift in the spectra. The line corresponding to the second
parameter set interpolates between the two other cases be-
cause the respective potentials are (almost) the same at the
relevant instances of time.
Being proportional to the Hubble parameter at horizon
exit of the mode in question, the curves just illustrate the
loss of (mostly) potential energy of the field. The scalar
and the tensor power spectra arising from the potential
V4 show similar properties and are not displayed. Both of
the potentials V2 and V4 allow for upward and sideward
shifts of the power spectra by choosing corresponding
parameter values.
The parameters for Figs. 3 to 8 are chosen such that
the wavenumber q0 = 0.002Mpc
−1 today corresponds
to a mode that exits the horizon around the transition
between the two inflationary periods. The correspond-
ence to q0 cannot be narrowed down to a single value
of Ne or k because the physics of the inflaton decay is
not settled. Altogether, CMB measurements cover an
Ne–range of roughly ten [28]. For these scales the prim-
ordial fluctuations have been obtained to high accuracy.
So, for the presented scenarios to be viable, there should
be a range of at least ten e-foldings in which the com-
putational results match with observation. This range
should overlap with the grey band in Figs. 5 to 8. The
observational result [29] is represented by the narrow ho-
rizontal stripe at 2.4 · 10−9. While it is possible to tune
the parameters such that the results match for a fixed
wavelength, the strong variation of PR(k) on the scale
of a few Ne(k) renders it impossible to fit the curves to
the measurements over the whole interval. This leads
to the conclusion that the transition between large-field
and small-field inflation should occur when the Hubble
parameter is either much smaller or much larger than
the wavenumber q0 today.
The tensor-to-scalar ratio in slow-roll approximation is
r =
PT
PR =
m2Pl
π
(
V ′
V
)2
. (11)
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Figure 7. The tensor-to-scalar ratio strongly drops down at
the transition to small-field inflation. If φ˙ becomes very small,
also r vanishes at corresponding values of Ne(k) (left panel,
green curve).
Results for r within the potential V2 are depicted in
Fig. 7. During the transition to small-field inflation, r
drops by several orders of magnitude. This reflects the
drop of the field velocity φ˙. It occurs because the Hubble
drag is the only force acting on the field in an almost
flat region of the potential. The cases one and three in
Fig. 5 yield the same (solid) curve here. The dashed curve
drops to very small numbers when φ is practically fixed
at a constant value. Also for r, the maximally allowed
value of r = 0.12, shows that compatibility is only pos-
sible when φ = 0 is reached outside the range observable
in the CMB.
The same is true for the allowed range of the scalar
spectral index ns, which can be seen in Fig. 8. During
the transition it takes on values far away from the ones
being measured. It is clear from the definition of ns,
ns =
d lnPR(k)
d ln k
+ 1, (12)
that multiplying the scalar spectrum with a constant
factor does not alter the value of the spectral index. So
parameter set three yields the same result as set one and
is not displayed. Within the slow-roll approximation, ns
can be expressed by the slow-roll parameters
ǫ =
m2Pl
16π
(
V ′
V
)2
and η =
m2Pl
8π
(
V ′′
V
)
(13)
as
ns = 2η − 6ǫ. (14)
This is used in Figures 9 to 11 to summarize the results
for the tensor-to-scalar ratio and for the scalar spectral
index. As noted in the keys of these figures, the black
dashed lines sketch the dependence of r on ns as ob-
tained from an analytical estimation for the two poten-
tials m2φ2/2 and λφ4/4. The result varies along these
lines when different values of Ne are chosen. Including
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Figure 8. Evolution of the scalar spectral index for the previ-
ously discussed cases. The transition region between the two
periods of inflation should be far outside the sensitivity range
of the Planck measurements. The scalar spectrum within the
third case in Fig. 5 was just shifted by a factor with respect to
the first one. As expected, the logarithmic derivative of these
functions is the same, and therefore omitted in this figure.
the possibility of an offset V0, the slow-roll equations (11)
and (14) for the scalar spectral index combine to
r2 = 4
ns − 1
V0/m2φ2 − 1 and r4 =
16
3
ns − 1
4V0/λφ4 − 1 , (15)
where r2 and r4 are the tensor-to-scalar ratio in the
squared and the quartic case, respectively. The black
dashed lines give the results of Eq. (15) with V0 set to
zero. Numerical calculations within the same cases are
represented by the five large dots which are obtained at
three different stages of inflation. These are labelled by
the number Ne which is large (Ne = 50 and 60) for early
production well within the slow-roll regime and small
(Ne = 10) for late production, i.e. for fluctuations in
modes crossing the horizon shortly before the end of in-
flation. Then the slow-roll approximation is expected to
lose its validity. So, the deviation of the large dot in dark
red from the long-dashed black line is no surprise since
also the dots are calculated assuming slow roll. The po-
sition of the large dots is independent from the coupling
when values λ ∈ [10−15, 10−11] and m2 ∈ [10−15, 10−11]
are chosen. The small dots represent results computed
within the combined potentials V2 and V4. They arrange
along curves starting on the corresponding straight line
(for the monomic quadratic and quartic potential, re-
spectively) and more and more deviate when evolving to
larger r and smaller ns. Since this deviation also occurs
for the monomic potential, it is attributed to the break-
ing of slow roll. Corrections due to V0 seem to be small
in comparison. They tend to enlarge the value of r at
given ns.
The color of the small dots encodes the number of e-
foldings of the second inflation, which varies according
to different parameter choices. It is clearly visible that
this number N
(2)
e grows monotonically when following
the dots from the lower right to the upper left. This
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Figure 9. This figure shows the result of different calcula-
tions of the tensor-to-scalar ratio r and the scalar spectral
index ns. These quantities are computed for modes leaving
the horizon a fixed number of e-foldings before inflation ends.
The two dashed lines follow the analytic formulae (15) for
slow-roll inflation within the potentials m2φ2/2 and λφ4/4,
respectively. The large dots mark the results of numerical
calculations within the same two potentials. The number of
e-foldings Ne before the end of inflation are 60, 50, and 10,
respectively. Along the dashed lines (and more and more de-
parting from them) the small dots represent results from the
combined potentials V2 and V4 described in the main text.
The color code shows the number of e-foldings of the second
inflation, whereas the total Ne is 60 for each of the small dots.
All results were obtained within slow-roll approximation.
suggests the following interpretation: The fluctuations
being measured within the present scenario at Ne = 60
resemble those that would be produced in the quartic
and quadratic potentials at later times. The main effect
of the second period of inflation is a shift of the remaining
e-foldings connected to the fluctuations.
The small figure in Fig. 9 is a detail of the lower right
region of the large one. This is the interesting range as
CMB measurements are concerned. The values allowed
by Planck lie below 0.15 for r and between 0.94 and 0.98
for ns. So one can see that the second inflation drives the
computed values of r and ns further away from the ones
measured in the CMB. The more effective it is in terms
of e-foldings the more severe it renders the discrepancy.
Figs. 10 and 11 show the same results as Fig. 9 but
with a different choice of the color code. This is used to
illustrate the reason why the lines formed by the small
dots deviate from the analytic estimate (dashed lines).
In Fig. 10 the colors reflect the value of the slow-roll
measure log10(φ˙
2/2V (φ)). The largest deviations are ob-
served where the kinetic energy amounts to a few percent
of the potential and the results agree better for a lower
proportion.
The values of V0/m
2φ2 and 4V0/λ1φ
4 are encoded in
the colors of the dots in Fig. 11. These quantities are pro-
portional to the ratio of the offset to the field dependent
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Figure 10. The same as in Fig. 9 but with the colors represent-
ing the decimal logarithm of the slow-roll condition φ˙2/2V (φ).
This figure shows that the deviation of the points from the
dashed lines can be explained from the lack of slow roll.
part of the potential, and they are computed at the time
the mode of interest leaves the horizon. They also occur
in Eq. (15). As stated above, they are expected to give
corrections enlarging r for given ns. So it can be con-
cluded that their influence on the result is less important
than that of missing slow roll. This is confirmed by the
fact that the deviations are considerably smaller for the
massive field, where V/m2φ2 is largest and slow-roll vi-
olation is quite small. For the pure squared and quartic
potentials the quantity reflected by the color code is zero
and they are plotted in black.
The parameter sets that yield the small dots are chosen
in the following way: First a sweep over the para-
meter range v ∈ [0.01, 1] · mPl, λ0 ∈ [10−15, 10−12],
λ1 ∈ [10−15, 10−12] is done. The parameter λ2 is re-
stricted to λ2 = 0 and the interval λ2 ∈ [10−15, 10−14].
Stronger couplings are not computed with because they
lead to larger values of V0 which stop the evolution of φ
before reaching the minimum.
For each parameter set the e-foldings of the first and
the second inflation, N
(1)
e and N
(2)
e , are determined. The
interesting cases are those with enough N
(2)
e , such that
the expected spectra are discernible from standard large
field inflation. On the other hand the value should not
exceed N
(2)
e = 60 because then only the second, small-
field inflation is visible today. As exemplified in Figs. 5
to 8 the spectra produced near the transition between the
two inflationary periods deviate strongly from the CMB
measurements which set tight bounds on the magnitude
of fluctuations. These arguments lead to the approach
that parameter sets entailing N
(2)
e ∈ [10, 60] are selected
and the fluctuations are calculated for modes leaving the
horizon atNe = 60 e-foldings before the end of the second
inflation.
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Figure 11. The same as in Figs. 9 and 10 but with the colors
representing the decimal logarithm of the quantities V0/m
2φ2
and 4V0/λ1φ
4 for the combined potentials with m2φ2/2 and
with λ1φ
4/4, respectively. In combination with Fig. 9 this
figure suggests that the deviation of the numerical calculation
from the analytic result stems from the violation of slow roll
rather than from the offset V0 in the potential V (φ).
V. FLUCTUATIONS PRODUCED AFTER
INFLATION: PREHEATING
At the end of inflation, the universe is assumed to be
cold and empty, with the exception of the inflaton field.
The inflaton pervades space almost homogeneously be-
fore it decays into its excitations and other particles. The
first, rapid decay is called preheating and it is character-
ized by non-perturbative effects. It is crucial for accom-
plishing thermal equilibrium at the temperature, where
Big Bang nucleosynthesis takes place. This is decisive
for a scenario to be viable. This work is only concerned
with preheating while skipping the following period of
reheating which is dominated by perturbative effects.
In Ref. [30] preheating in the potential
V (φ) =
1
16
λ0v
4 +
1
4
λ0χ
4
(
ln
∣∣∣χ
v
∣∣∣− 1
4
)
, (16)
is discussed. The numerical calculation is done with
the C++ program LATTICEEASY by G. Felder and
I. Tkachev [31]. For the present case of the potentials
Eqs. (4), and (5) this program has also been used, and
similar results have been obtained:
The second inflationary period ends somewhere not too
far from the origin in field space, the fields being on their
way to one of the minima of the potential. This situation
is similar to preheating in the potential Eq. (16) with
an additional coupling to a second field. The evolution
of the homogeneous modes and the particle spectra of
both fields resembles the results in Ref. [30]. Figs. 12
to 14 depict the results of a lattice calculation using this
potential.
The calculation is done within the parameter set λ ≡
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Figure 12. Evolution of the means 〈χ〉 and 〈φ〉 after the end
of inflation. In this calculation both fields start at 10−3v with
zero initial velocity. After a few oscillations the zero mode of
χ is at rest in the potential minimum. The mean of φ can
also switch between different values of minimal energy. Here
and for the following Figures 13 and 14, the couplings are
λ0 = λ1 = λ2 = 10
−13 and the energy scale is v = 10−3mPl.
Field fluctuations are included.
λ0 = λ1 = λ2 = 10
−13 and v = 10−3mPl. Following
Ref. [30] the computation has been done in one spatial
dimension. The initial values of the fields are both set to
10−3v. Presuming slow roll, the initial field velocities are
set to zero. From Fig. 12 it is seen that the mean values
of the fields start to grow and later oscillate around one
of the minima
χmin = ±v exp
(
λ22
4λ0λ1
)
, φmin = ±
√
λ2
2λ1
χmin. (17)
Comparison with Fig. 13 shows that the oscillation
around these values ends when the variances have grown
to almost unity. In Ref. [32] it is shown that for two spa-
tial dimensions there are regions in space where the field
initially oscillates between the two vacuum values.
Fig. 14 contains the spectra of inhomogeneities of the
field χ at some moments of time. The time unit is the
time scale of oscillations around the minimum, (
√
λv)−1.
The noise of the spectra is reduced by averaging over
some sets of different initial vacuum fluctuations.
The shape of the spectra differs only in details from the
ones shown in Ref. [30]. The characteristic momentum
scale of the transient maximum of the spectrum shows
the same dependence on the parameters of the poten-
tial. In both cases the scattering of particles out of the
maximum appears as a small amplification of the modes
with the approximately double momentum. Scattering
processes drive the front of the spectrum to higher and
higher momenta, finally leading to thermal equilibrium.
For the field φ no spectra are displayed because they show
no significant differences to the corresponding spectra of
χ. As expected, by varying the couplings λi the location
of the resonance scale can be moved to other values.
810−12
10−10
10−8
10−6
10−4
10−2
1
800 850 900 950 1000
V
ar
ia
n
ce
of
χ
Time t/(
√
λv)−1
10−32110 102
〈δχ2〉/v2
10−12
10−10
10−8
10−6
10−4
10−2
1
800 850 900 950 1000
V
ar
ia
n
ce
of
φ
Time t/(
√
λv)−1
10−32110 102
〈δφ2〉/v2
Figure 13. Time dependence of the field variances in the same
case as in Figs. 12 and 14. The variance of χ follows the
growth of the zero mode. Inhomogeneities of φ evolve with a
short delay, which is also observed for the mean field.
The calculation of preheating in the potential Eq. (2)
has also been done for higher energy scale v = 10−1mPl.
As in the case without additional field, no efficient
particle production could be observed. The variances did
not grow from very small values for various combinations
of the couplings.
VI. CONCLUSION
This paper presents results on the behavior of fields
and particles during and after two subsequent stages of
cosmological inflation. The calculations make use of the
slow-roll approximation which is justified in two regions
of the potentials Eq. (5) and Eq. (4) for a large para-
meter space. These potentials are simplified forms of one
that has been used to describe strongly interacting mat-
ter with effective fields.
It is based on the linear sigma model, which incorpor-
ates chiral symmetry, and an additional scalar dilaton
field has been introduced to imitate the QCD-behavior
under scale transformations. In Ref. [20], a dilaton-
extended linear sigma model has already been used for an
inflationary scenario during the cosmological QCD phase
transition. In the work at hand, the consequences of a
similar potential during primordial inflation well before
the QCD phase transition has been examined.
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Figure 14. Spectra of χ particles from the same calculation
as discussed in Figs. 12 and 13. The spectra of the field φ are
very similar and are therefore omitted. As in the case without
coupling to a second scalar, a temporary maximum forms at
slightly lower momenta than
√
λv, which is the effective mass
squared of χ in the minimum.
In this potential, the early stages of inflation are very
similar to the corresponding ones in the quartic and
quadratic potentials of large-field inflation. Also the
primordial spectrum of fluctuations that originates from
this epoch does not differ significantly from the spectra
produced by these inflationary models. However, as in
other models of hybrid inflation, at the end of this period
the fields have not reached the minimum of the poten-
tial. This occurs only after an additional waterfall stage
that can bring about a considerable number of e-foldings:
In Ref. [33] such a scenario has been discussed for large
amounts of inflation during the waterfall period. Then
all observational inflation occurs in a small-field setting.
By contrast, in Ref. [34] the second inflation is assumed
to be short or absent, such that no additional e-foldings
of a second inflation have to be taken into account. Then,
the first possibility is a result equivalent to chaotic infla-
tion: This may happen when the offset of the potential
has negligible effect, as it has been seen for the calcula-
tions in this paper. It corresponds to the simplified pic-
ture of an inflaton rolling down a potential V0 + λφ
n/n,
where the potential is immediately set to zero when φ = 0
is reached.
A second possibility is the following: The slow roll of
φ becomes unstable much earlier. Then inflation stops
at a position in the potential φend for which Ne(φend) >
1 when computed in the respective monomic potential.
The resulting spectrum resembles that from λφn/n but
its momentum scale today is shifted.
The spectra resulting from the calculations of this work
are shifted, too, but towards the opposite direction: The
scenario with two inflationary epochs prolongs inflation
after its natural end. Instead of being interrupted early,
inflation continues (after a short pause) and thus shifts
the fluctuations to larger wavelengths than expected. So,
9the fluctuations at some physical q0 today are similar
to those which are expected from monomic inflation at
some smaller momentum scale. They will enter the ho-
rizon at some time in the future. In other words: The
fluctuations obtained from CMB measurements and be-
ing linked to a certain number of e-foldings subsequent
to their horizon exit, exhibit features, which are expected
from fluctuations connected to some significantly smal-
ler value of Ne, when a monomic potential is assumed
to drive inflation. The case with negligible second infla-
tion (N
(2)
e ≪ 10) gives spectra indistinguishable from the
λφn/n standard scenario and is therefore omitted from
further discussion. It has been justified that the discus-
sion concentrates on parameter sets with N
(2)
e ∈ (10, 60):
Larger values would imply pure small-field inflation in the
observable range. Altogether, this means that the setting
introduced here includes a transition from large-field in-
flation to small-field inflation after the modes constrained
by CMB observations have left the horizon. This might
cause a problem if it cannot be excluded that preheating
sets in after the end of the first inflation, frustrating a
subsequent restart of accelerated expansion.
For this thesis it has been assumed that particle pro-
duction is overcome by Hubble dilution, and inflaton de-
cay around φ = 0 need not be accounted for. Taken into
the extreme, one could consider the alternative of an un-
interrupted inflation. However, while it proves difficult
to rule out a viable scenario with one uninterrupted in-
flation, no parameter set has been found that allows for
a smooth transition from large-field to small-field infla-
tion such that both types of inflation with their typical
features would show up in the observable range. Typic-
ally, inflation is either interrupted, where the interruption
needs to take place outside the CMB range in order not
to be ruled out by measurements; or inflation continues
down to φ = 0 giving rise to many e-foldings for small
φ. The evolution either gets stuck around φ = 0 or there
is at least such a strong expansion during this stage that
there remains no possibility of observable large-field in-
flation. This leads to the conclusion that parameter sets
withN
(2)
e /∈ [10, 60] should be discarded. Also within this
range the resulting spectra coincide better with measure-
ments for smaller N
(2)
e .
It has been argued that the resulting spectra should
not be altered significantly when the computation in-
cludes multifield dynamics. This is because multifield
effects such as entropy modes are only expected when the
path in field space is curved. This curvature, however,
typically occurs only at one point in the evolution, where
inflation is interrupted. For this paper both, multifield
dynamics and possible preheating during the interruption
are neglected. This should be treated more thoroughly
in future work.
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